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1 Introduction and main results 



We consider the following second order Hamiltonian systems 

\6\ I u + VuV{t,u) = Q, VtGM, , . 

O; \ m(0) = u(T), u(0) = tt(T), T > 0, ^ ' 

where ^ G (R x M^, M) is T-periodic and has the form 
V' V{t,u) = \{U{t)u,u) + W{t,u) (1.2) 

with U{-) a continuous T-periodic symmetric matrix. Here and in the sequel, (■, ■) and | ■ | 
always denote the standard inner product and the associated norm in respectively. 

In this paper, we will study the existence of infinitely many nontrivial solutions of (11. ip 
via the variant fountain theorems established in [27] under the assumption that W{t,u) 
is even in m, i.e., W{t, —u) = W{t,u) for all {t,u) G [0,T] x M^. We divide the problem 
into the following two cases. 
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1.1 The asymptotically quadratic case 

For the asymptotically quadratic case, we make the following assumptions: 

(AQi) W{t,u) > for all {t,u) E [0,T] x M^, and there exist constants /i G (0,2) and 
i?i > such that 

{VuW{t,u),u) < fiW{t,u), Vt G [0,T] and |m| > Ri, 

(AQ2) lim = 00 uniformly for t G [0,T], and there exist constants C2, R2 > such 

that 

W{t,u) < C2\u\, vt G [0,T] and |m| < i?2, 



W(t,u) 

\u\ 

We state our first main result as follows. 



(AQ3) liminf > d > uniformly for t G [0, T]. 



Theorem 1.1. Assume that (AQi)-(AQ3) hold and that W{t,u) is even in u. Then fll.ip 
possesses infinitely many nontrivial solutions. 

1.2 The superquadratic case 

For the superquadratic case, we assume 

(SQi) There exist constants ai > and u > 2 such that 

\VuW{t,u)\ < ai(l + ImI*^-^), Vt G [0,r] and u G M^, 

(SQ2) W{t, m) > for all (t, u) G [0, T] xM^, and lim = 00 uniformly for t G [0, T], 

(SQ3) There exist constants 1 < G (z/ — 2, 00) and 6 > such that 
^^.^^ {V.Wit,u) u)-2Wit,u) ^ ^ ^ ^ 

Our second main result reads as follows. 

Theorem 1.2. Suppose that (SQi)-(SQ3) are satisfied and that W{t,u) is even in u. 
Then fjl.l|) possesses infinitely many nontrivial solutions. 

With the aid of variational methods, the existence and multiplicity of periodic solutions 
for Hamiltonian systems have been extensively investigated in many papers (see [TI-[T9| 
and the references therein). 
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For asymptotically quadratic case, under various twist conditions via Morse indices or 
Maslov-type indices, the authors obtained finitely many periodic solutions in [I1II21II51I2B] 
without any evenness assumption, while in the presence of evenness, the authors in [22] 
studied the existence of infinitely many solutions for fll.ip under the conditions that 
W{t, u) is sign-changing and in some sense of at most linear growth near infinity, which are 
totally different from our conditions (AQi) and (AQ3) in Theorem II .![ In [7], the authors 
also obtained infinitely many periodic solutions for first order Hamiltonian systems. We 
note that some conditions of Theorem 1.1 in [7] will not be satisfied when problem fll.ip 
with conditions (AQi)-(AQ3) is transformed to the corresponding first order Hamiltonian 
system in [7j. 

For the superquadratic case, most of the results on the multiplicity of periodic solutions 
were obtained under the so-called Ambrosetti-Rabinowitz superquadratic condition near 
infinity with or without the evenness assumption (see e.g. pti5|[7t[TT | [T2 |[Hl[T6l[T7t ll9 p 23]). 
As mentioned in [T^, for first order Hamiltonian systems, the Ambrosetti-Rabinowitz 
superquadratic condition requires the Hamiltonian z) to be superquadratic in all 
components of the variable z = {p, q), which excludes the case for the second order Hamil- 
tonian systems fll.ip with H(t,p, q) = + V(t, q). In p], the author introduced a new 
superquadratic condition for first order Hamiltonian systems, which requires only a com- 
bined effect of Ambrosetti-Rabinowitz superquadratic nature in p and q with z = {p, q) 
and can include the above case for second order Hamiltonian systems. Subsequently, un- 
der the superquadratic condition of this type, the authors in [10] obtained the existence 
of infinitely many periodic solutions with the evenness assumption. For second order 
Hamiltonian systems fll.ll) . we note that the Ambrosetti-Rabinowitz superquadratic con- 
dition is somewhat stronger than the superquadratic condition given by (SQ2) and (SQ3) 
in Theorem 11.21 

2 Variational setting and proofs of the main results 

In this section, we will first recall some related preliminaries and establish the variational 
setting for our problem, and then give the proofs of the main results. 
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2.1 Preliminaries and Variational setting 



Within this subsection, we will introduce the variational setting for problem (11.11) . Recall 
that the space {St, M^) becomes a Hilbert space if it is equipped with the usual norm 

- T \ 1/2 

{\u\^ + \u\'^)dt] , \/uE H\St,R^), 
where St = M/TZ. 

Denote by A the operator -{(P/dt^) - U{t) on = ((0,T),M^) with domain 
D[A) = (S'j'jffi^). It is known that ^ is a selfadjoint operator with a sequence of 
eigenvalues (counted with multiplicity) 

Ai < As < ^ oo (2.1) 

and the corresponding system of eigenfunctions {e„ : n G N}(^e„ = A„e„) forming an 
orthogonal basis in L^. Denote by |^| the absolute value of A and let |^|^/^ be the square 
root of 1^1 with domain D(|^|^/^). By the elliptic estimate and Theorem 3.6 in [23], we 
have 

D{\A\^'^) = H^ (5't,K'^). 
Furthermore, if we define on H^{Sti^^) a new inner product and the associated norm 

by 

{u,v),= {\A\"'uM\^/\)^ + {u,v)2, 

II II ( \l/2 

IfIIo = (m,m)o 5 

then II • II is equivalent to the usual norm || ■ ||i on (5t,M^), where (-, ■)2 denotes the 
usual inner product on L^. Set 

n- = < 0}, n° = #{i|Ai = 0}, n = + (2.2) 

and let 

= L' (SL""® L+ (2.3) 
be the orthogonal decomposition in with 

L~ = span{ei, . . . ,e„-}, L° = span{e„-+i, . . .,en}, 
L+ = [L- © L°)^ = span{en+i,. . .}. 
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Now we introduce on (S'^jM^) the following inner product and norm: 

{u,v)={\A\'/WA\'/h)^+{u'y)^, 
\\u\\ = {u, uY^'^, 

where u = u~ + + and v = + v~^ with respect to the decomposition (12. 3p . Let 

E = [St, M^) , then E becomes a Hilbert space with the inner (■,■). Clearly, norms 
II ■ II and II ■ II are equivalent. Consequently, the norm || • || is also equivalent to the norm 
II ■ 111 on E. From now on {E, (-, ■), || • ||) becomes our working space. 

Remark 2.1. It is easy to check that E possesses the orthogonal decomposition 

E = E- ®E^®E+ (2.4) 

with 



E~ = L~,E^ = L° and = E n L+ = span{e^^+i, . . .} (2.5) 

where the closure is taken with respect to the norm || ■ ||. Evidently, the above decompo- 
sition is also orthogonal in L^. 

By the Sobolev embedding theorem, we get directly the following lemma. 



Lemma 2.2. E is compactly embedded in = ((0, T), M^) for 1 < p < oo and h 



ence 



there exists Tp > such that 



\u\p < Tp||m||, Vu G E, (2.6) 
where \ ■ \p denotes the usual norm on for all 1 < p < oo . 

Now we define a functional ^ on E hj 

<p(u) = 11 (|up - {U{t)u,u)) dt - ^{u) 
2 Jo 

11 

= -Wu^f - - ^{u) where ^{u)= / W{t,u)dt (2.7) 
2 2 Jq 

for a\\ u = u- + + u+ e E = E' ® E° ® E+. Note that (AQi) and (AQ3) imply 

W{t,u) <ci{l + \u\^), V (t, m) G [0, T] X (2.8) 
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for some Ci > 0. Likewise, by (SQi), there exists a constant a2 > such that 

W{t,u) <ai{\u\ + \u\'') + a2, V (t, m) G [0, T] x M^. (2.9) 

In view of (12. 8p (or (12.91) ) and Lemma [2.2[ ^ and ^ are well defined. Furthermore, we 
have the following 

Proposition 2.3. Suppose that either (AQi) and (AQ3) or (SQi) is satisfied. Then 
^ G C^{E,M.) and W : E ^ E* is compact, and hence <P G C^(£',M). Moreover, 

r{u)v= I lyjV{t,u),v)dt, (2.10) 
Jo 

^'{u)v = (u^,f^) — {u^,v^) — ^'{u)v 

= (m+, v+) - iu-,v-) - [ {VuWit, u),v)dt (2.11) 

Jo 

for all u,v & E = E~ © E'^ © E~^ with u = u~ +u'^ + u~^ and v = v~ +v'^ + v~^ respectively, 
and critical points of 4> on E are solutions of (11.11) . 

Proof. The proof is standard and we refer to ^ and [20]. □ 

Let E he a. Banach space with the norm || ■ || and E = (Bjem^j with dimXj < 00 for 
any j G N. Set = ©^^^X^ and = ©°^^Xj. Consider the following C"^-functional 
^x- E -^R defined by 

<Pxiu) := A{u) - \B{u), X G [1, 2]. 
The following two variant fountain theorems were established in [27] . 
Theorem 2.4 ( [271 Theorem 2.2]). Assume that the functional ^\ defined above satisfies 

(Ti) (Px maps bounded sets to bounded sets uniformly for A G [1,2], and 4>x{—u) = ^x{u) 
for all (A,m) G [1,2] x E, 

(T2) B{u) > for all u E E, and B{u) 00 as \\u\\ 00 on any finite dimensional 
subspace of E, 

(T3) There exist pk > r^ > such that 

afc(A) := inf <?a(m) > > /3fc(A) := max <Px{u), VAg[1,2] 
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and 

^fc(A) := inf ^a(w) — )■ as k ^ oo uniformly for X G [1, 2]. 

ueZk, ||u||<Pfe 

Then there exist A„ — )■ 1, ux^ G F„ such that 

^aJfJ^aJ = 0, <Px„{uxJ ^Vk^ [efc(2),/3fc(l)] asn^oo. 

Particularly, if {ua„} /ifls a convergent subsequence for every k, then <Pi has infinitely 
many nontrivial critical points {uk} G E \ {0} satisfying $i{uk) — 0~ as A; — > oo. 

Theorem 2.5 ( [271 Theorem 2.1]). Assume that the functional 'Px defined above satisfies 

(Fi) ^x maps bounded sets to bounded sets for A G [1,2], and ^x{—u) = 'Px{u) for all 
(A,m)g[1,2]xE, 

(F2) B{u) > for all u E E, Moreover, A{u) 00 or B{u) — )■ 00 as ||n|| — 00, 
(F3) There exist > pk > such that 

«fe(A):= inf ^x{u) > f3k{\) := max <Px{u), VAg[1,2]. 

ueZk, ||«||=Pfc ueYk, \\u\\=Tk 

Then 

afc(A) < a(A) := inf max ^x{liu)), VA G [1,2], 

where = {u E Yf^ : \\u\\ < r^} and F^, := {7 G C{Bf^, E)\'j is odd, 'jldSk = '^'^}- 
Moreover, for a.e. A G [1,2], there exists a sequence {u^rnW}m=i ^^^^ ^^^^ 

sup ||m^(A)|| < 00, <Px (Mm(A)) and <Px {ut,W) -> Cfc(A) as m 00. 

m 

In order to apply the above two theorems to prove our main results, we define the 
functionals A, B and ^x on our working space E by 

A{u) = l\\u^f, B{u) = l-\\u-f+ [ W{t,u)dt, (2.12) 
2 2 Jo 

and ^ 

<I>a(m) = ^(m)-AS(m) = ^||m+||2-aQ||m-||2 + ^ Vr(t,M)rft^ (2.13) 

for all M = u" + M° + G -E = -E" © © -E+ and A G [1, 2]. From Proposition [231 
we know that <Px G C^{E,R) for all A G [1,2]. Let Xj = span{ej} for all j G N, where 
{cn : n G N} is the system of eigenfunctions given below (12. ip . Note that (^i = ^, where 
^ is the functional defined in (12. 7p . 
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2.2 Proof of Theorem [TTI 

In this subsection, we will first establish the following lemmas and then give a proof of 
Theorem ll.li 

Lemma 2.6. Let (AQi) and (AQ3) be satisfied. Then B{u) > for all u ^ E and 

B{u) — 7- 00 as —t- 00 on any finite dimensional subspace of E. 

Proof. Evidently, it follows from f l232|) and (AQi) that B{u) > for all ue E. 

We claim that for any finite dimensional subspace F G E, there exists a constant 
e > such that 

m{{te[0,T]:\u{t)\>e\\u\\})>e, \/ueF\{0}. (2.14) 

Here and in the sequel, m(-) always denotes the Lebesgue measure in R. If not, for any 
n G N, there exists u„ G F \ {0} such that 

m{{t G [0,T] : \un{t)\ > \\un\\/n}) < l/n. 

Let Vn = Un/\\un\\ G F ioT all n G N. Then ||^;„|| = 1 for all n G N, and 

m{{te[0,T]:\vn{t)\>l/n})<l/n, Vn G M. (2.15) 

Passing to a subsequence if necessary, we may assume f „ Vq in E for some vq & F since 
F is of finite dimension. Evidently, ||fo|| = 1. In view of Lemma [2.21 and the equivalence 
of any two norms on F , we have 

/ \vn — Vo\dt ^ as n — )■ cxo (2-16) 
Jo 

and 

l^^oloo > 0. 

By the definition of norm | ■ |oo; there exists a constant 6q > such that 

m{{te[0,T]:\vo{t)\>6o})>So. (2.17) 

For any n G N, let 

An = {te[0,T]:\vn{t)\<l/n} and = M \ A„ = {t G [0, T] : |t;„(t)| > l/n}. 
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Set Ao = {t e [0,T] : \vo{t)\ > 60}. Then for n large enough, by and (I^TTTj) . we 

have 

m(A„ n Ao) > m(Ao) - m(A^) > 5o - 1/n > 5o/2. (2.18) 
Consequently, for n large enough, there holds 

|f„ — fo|(it> / \Vn — Vo\dt 
JA„nAo 



> / (l^ol - \Vn\)dt 

> {60 - 1/n) ■ m(A„ n Ao) 

> 5o/4 > 0. 

This is in contradiction to (12.161) . Therefore (I2.14p holds. 
For the e given in (12.141) . let 

Au = {te [0,T] : \uit)\ >e\\u\\}, VmGF\{0}. 

Then by fimi) . 

m(A„)>e, VmgF\{0}. (2.19) 
By (AQ3), there exists a constant R3 > Ri such that 

W{t,u) > d\u\/2, yt e [0,T] and |m| > R3, (2.20) 
where Ri is the constant given in (AQi). Note that 

|n(t)|>i?3, VtGA,, (2.21) 

for any u E F with > R^/e. Combining (AQi), (I2.19P and (I2.2ip . for any u & F with 
> Rs/^, we have 

B{u) = l\\u-f + [ W{t,u)dt 
2 Jo 

> / W{t,u)dt 



> / d\u\/2dt 
Jau 

> de\\u\\ ■ m(A„)/2 > de'^\\u\\/2. 

This implies B{u) — t- 00 as — t- 00 on any finite dimensional subspace F d E. The 
proof is complete. □ 



Lemma 2.7. Assume that (AQi)-(AQ3) hold. Then there exists a positive integer ki and 
two sequences < < — )■ as /c — )■ cxd such that 

afc(A) := inf <?a(m) > 0, \/ k > h, (2.22) 

"S^fc. !l«!l=Pfc 

^fc(A) := inf ^x{u) as k ^ oo uniformly for A G [1, 2] (2.23) 



and 



/3fc(A) := max -Pxiu) < 0, VA; G N, (2.24) 

«€Yjj, ||M||=rj. 



where = (Bj^iXj = span{ei, . . . , 6^} and = (B^fL^Xj = span{efe, . . .} for all A; G N. 

Proof. We complete the proof via the following two steps. 

Step 1. We prove fl2:22|l and ([223]). 

Note first that Zj^ C E'^ for all A; > n + 1 by (12.51) . where n is the integer defined in 
(I22D- By ([22]), for any u G ^ with < i?2/T-oo, there holds 

|m|oo < R2, (2.25) 

where R2 and Too are the constants in (AQ2) and (12. 6p respectively. Then for any k > n + 1 
and u G with < -R2/T00, by (AQ2) and (I2.13p . we have 

rT 



1 /■ 

^>a(m) > -\\uf -2 / Vr(t,M)rft 

2 Jo 





> ^||«||'-2c2|m|i, VAg[1,2]. (2.26) 

Let 

4= sup VA;gN. (2.27) 

MGZfe, |1m|1=i 

Then 

4^0 as A; ^ 00 (2.28) 
since E is compactly embedded into L^. Consequently, (I2.26P and (I2.27P imply 

^A(^i) > ^||nf -2c24||m|| (2.29) 

for all A; > n + 1 and u G E~^ with ||-u|| < -R2/too- For any A; G N, let 

Pk = 8c24. (2.30) 
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Then by ([22H]), we have 

Pfc -)■ as /c oo. (2.31) 
Evidently, there exists a positive integer ki > n + 1 such that 

Pk<R2/Too, ^k>h. (2.32) 
For any k > k^, (12:291) together with flOOj) and fl232|l yields 

ak{X) := inf ^x{u) > pi/ A > 0. 
By fl2.29p . for any k > ki and u & Zk with < p^, we have 

^a(m) > -2c2ikpk- 
Observing that ^x{0) = by (AQ2), then 

> inf ^xiu) > -2c24pfc, \/k>ki. 

ueZk, \\u\\<pk 

This together with ^im and (lOB implies 

^fc(A) := inf ^a(w) — !■ as — )■ 00 uniformly for A G [1, 2]. 
Step 2. We show that fl^:^ holds. 

For any A; G N, there exists a constant Ck > such that 

l^^b > C'fcllMll, VuGYfc (2.33) 

since norms | • | and || • || are equivalent on finite dimensional space Y^. By (AQ2), for any 
G N, there exists a constant Sk > such that 

W{t,u) > \u\yCl y\u\ < 6k. (2.34) 

By (12.61) . for any /c G N and u & E with \\u\\ < 5k/ t^, it holds 

|m|oo < 

where Too is the constant in (12.61) . Combining this with (12.131) . (I2.33P and (I2.34p . for any 
/c G N and u G with < 6k/Too, we have 

^a(m) < l\\u+f- [ Wit,u)dt 
^ Jo 

<l\\ur-\u\i/ci 

< ^l|wf - Ikf = -^IklP, VAg[1,2]. (2.35) 
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Now for any A; G N, if we choose 



< Tfc < min{pfc,4/roo} , 



then (I2.35P imphes 



max <Px{u) < -rl/2 VA; G N. 



The proof is complete. 



□ 



Proof of Theorem ll.il In view of f l2.8p . f l2.13p and Lemma [2^ maps bounded sets to 
bounded sets uniformly for A G [1, 2]. Evidently, ^\{—u) = ^\{u) for all (A, u) G [1, 2] x E 
since W{t, u) is even in u. Thus the condition (Ti) of Theorem 12.41 holds. Lemma 12.61 
shows that the condition (T2) holds, while Lemma 12.71 implies that the condition (T3) 
holds for all k > ki, where ki is given there. Therefore, by Theorem 12. 4[ for each k > ki, 
there exist A„ — )• 1, ma„ G Yn such that 



For the sake of notational simplicity, throughout the remaining proof of Theorem 11.11 we 
always set u„ = ua„ for all n eN. 

Claim 1. {un} is bounded in E. 

Indeed, for the constant given in fl2.2UI) . there exists a constant Mi > such that 



^L\y (^^n) = 0' ^a„(maJ ^ % G [a(2),/3fc(l)] as n ^ 00. 



(2.36) 




(2.37) 



By virtue of fl2ll]) . fl27[3|) . flOHj) . flOTjl and (AQi), we have 



^A„(m„) = -<?;J^Jm„)m„ - ^A„(Mn) 



= An / W{t,Un) - -{VuW{t,Un),Un) dt 





•n 
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where fi„ := {t G [0,T] : |'Un(^)| > R3}, and c?, i?3 are the constants in (l2.2Up . Combining 
this with ( I2.36p . there exists a constant M2 > such that 

\un\dt < M2, G N. (2.38) 
For any n E N, let Xn : [0, T] — M be the indicator function of f2„, that is, 



1, t G 

0, t ^ 



Xn(t) 

Then by the definition of Qn and fl2.38p . there hold 

\{l - Xn)UnL < R3 and |XnMn|i<M2, V 71 G N. (2.39) 

By virtue of Remark 12.11 Lemma 12.21 and the Holder inequality, we have 



= {K + (1 - Xn)Un)^ + {u~ + XnUn) ^ 
< 1(1 - Xn)Un\^ \u- + ul\^ + \XnUn\i |m~ 

<C3(i?3 + M2)|u;+M°|2, VnGN 

for some C3 > 0, where the last inequality follows from (12.390 and the equivalence of any 
two norms on finite dimensional space E~ © E^. Consequently, we get 

\u-+ul\^<Cs{Rs + M2), VnGN. 

In view of the equivalence of norms || • || and | ■ I2 on ©£'° again, there exists a constant 
M3 > such that 

||<+M°||<M3, VnGN. (2.40) 



Note that 



fT 

2<PxM + \n\\u-\r + I W{t,Un)dt, VriGN. 



Thus by ([22]), ([23]), fl236|) and fICTD . there holds 

11 l|2 II +||2 ,11-1 0||2 
ll^nll = \\K\\ + Pn 



f-T 

2<?A„(Mn) + A„||<||V ||<+M°||V2A„ / W{t,Un)dt 

Jo 



< M4 + 4ci|m„|;^ 

< M4 + 4cir;||u„f , VnGN (2.41) 
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for some M4 > 0, where and and Ci are the constants in ( I2.6p and (I2.8p respectively. 
Since /x < 2, f l2.4ip yields that {un} is bounded in E. 

Claim 2. {«„} possesses a strong convergent subsequence in E. 

In fact, by Claim 1, without loss of generality, we may assume 

— )■ , M° — )■ u^i Uq and Un ^ uq as — )• 00 (2.42) 

for some uq = Uq + Uq + Uq e E = E~ ® E^ ® E^ since dim(£'" © E^) < 00. By virtue 
of the Riesz Representation Theorem, ^'^^ \y : Yn ^ Y* and ^' : E ^ E* can be viewed 
as ^'\J\y '-^n Yn and ^' : E ^ E respectively, where Y* is the dual space of Yn- Note 
that 

= 'P'x^yS'^n) =ul-\n + ^' K)) , Vn G N, 

where Pn '■ E ^Yn 'is the orthogonal projection for all n G N, that is, 

< = An K + Pn ^' K)) , Vn G N. (2.43) 

By Proposition 12. 3^ ]]/' : E ^ E is also compact. Due to the compactness of and 
(12. 42 p . the right-hand side of fl2.43p converges strongly in E and hence ^ Uq in E. 
Combining this with f l2.42p . we have u„ — )■ Uq in E. Thus Claim 2 is true. 

Now from the last assertion of Theorem 12. 4[ we know that 'P = 4>i has infinitely many 
nontrivial critical points. Therefore, (11. ip possesses infinitely many nontrivial solutions 
by Proposition 12.31 The proof of Theorem 11.11 is complete. □ 

2.3 Proof of Theorem [Q] 

The following lemmas are needed in the proof of Theorem II. 2[ 

Lemma 2.8. Let (SQi) and (SQ2) be satisfied. Then B{u) > for all u G E. Further- 
more, A{u) 00 or B{u) — 7- 00 as \\u\\ — )• 00. 

Proof. Using the similar arguments of the proof of Lemma [2.61 with (AQi) and (AQ3) 
replaced by (SQi) and (SQ2), we can prove 

B{u)>0, WueE 
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and 

B{u) — 7- oo as — 7- oo 
on any finite dimensional subspace of E. Consequently, 

B{u) oo as oo on © E^ 

since E~ © is of finite dimension. Combining tliis witli fl2.4p and f l2.12p . we liave 

A{u) — !■ oo or B{u) oo as — )■ cxd. 

Tlie proof is completed. □ 

Lemma 2.9. Assume that (SQi)-(SQ3) hold. Then there exists a positive integer ^2 and 
two sequences > Pk ~^ oo as k ^ oo such that 



and 



ak{X):= inf <Px{u) > 0, Vfc > ^2 (2.44) 



(3k{\) := max ^>aH < 0, VA; G N, (2.45) 



where Yj. = ®j^iXj = span{ei, . . . , e^} and = (B'^j^Xj = spanjcfc, . . .} for all k E N. 

Proof. We divide the proof into two steps. 
Step 1. We first prove f l2.44p . 
By I^M) and fl27[3|) . we have 

^\{u) > -\\uf-2 [ W{t,u)dt 
2 Jo 

> ^||ti||2-2ai(|M|i + |m|;;) -2a2T, V (A, m) G [1, 2] x (2.46) 
where ai,a2 are the constants in (12. 9p . Let 

iy{k)= sup V/cgN. (2.47) 

uSiZi^, ||jl|| = l 

Then 

i^{k) ^0 as A; ^ oo (2.48) 
since E is compactly embedded into L'^. Note that 

ZkCE+, VA;>n + l, (2.49) 
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where n is the integer given in (I2.2p . Combining (I2.6p . fl2.46p . ( I2.47p and (12 .49 p . for 
k > n + 1, we have 

^a(m) > ^||M||^-2airi||M|| - 2a2T - 2air^{k)\\u\\'' , V(A,m) G [1,2] x Zk, (2.50) 

where ri is the constant given in f l2.6p . By fl2.48p . there exists a positive integer k2 > n + 1 
such that 

Pk := (16ai£;;(A;))^/(2^'') > max{16airi + 1, IGoaT}, \/k>k2 (2.51) 
since z/ < 2. Evidently, 

Pit — 7- oo as A; — )• oo. (2.52) 
Combining (12.501) and (I2.5ip . direct computation shows 

afc(A):= inf ^a(m) > Pfc/4 > 0, VA; > A;2. 

Step 2. We then verify (ITiHl . 

Note that the proof of (I2.14p does not involve the conditions (AQi) and (AQ3). There- 
fore, it still holds here. Consequently, for any A; G N, there exists a constant ejt > such 
that 

m(A^)>efe, VtzGFAW, (2.53) 

where := {t G M : \u{t)\ > ek\\u\\} for all A; G N and ueYk\ {0}. By (SQ2), for any 
A; G N, there exists a constant > such that 

W{t,u)>\u\yel, y\u\>Sk. (2.54) 

Combining ^J3^, fl233|l . fICTD and (SQ2), for any A; G N and A G [1, 2], we have 

Hu)<h\u+f- rw{t,u)dt 

2 Jo 
<h\uf-[ {\u\Vel)dt 

<^ll-f-4ll-f-(A^)/4 

< Ihr - \\ur = -\\\ur (2.55) 

for all M = + M*^ + G Yk with > Sk/^k- Now for any A; G N, if we choose 

Vk > max{pfc, Sk/ek} , 
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then (I2.55P implies 

/3fc(A) := max ^xiu) < -rl/2 < 0, Vfc G N. 

The proof is complete. □ 

Proof of Theorem [Q It follows from (^M), (^M) and fl2:T3|l that maps bounded 
sets to bounded sets uniformly for AG [1,2]. In view of the evenness of W{t, u) in m, it 
holds that (P\{—u) = 'Px{u) for all (A, u) G [1, 2] x E. Thus the condition (Fi) of Theorem 
12.51 holds. Besides, Lemma 12.81 and Lemma 12.91 show that the condition (F2) and (F3) 
hold respectively for all k > /c2, where is given in Lemma [2.91 Therefore, by Theorem 
12. 5[ for any k > k2 and a.e. A G [1, 2], there exists a sequence {ttm(A)}^__^ C E such that 

sup ||Mm(A)|| < 00, <P'x (Mm(A)) and <Px (Mm(A)) Ca:(A) as m oo, (2.56) 

m 

where 

Cfc(A) := inf max ^xiliu)), VA G [1,2] 

with Bk = {u e Yk : \\u\\ < r^} and := {7 G (7(5^, [7 is odd, 7|aB^ = id}. 
Furthermore, it follows from the proof of Lemma 12.91 that 

a(A)G[«fc,a], Vfc>fc2, (2.57) 

where (k '■= max ^i{u) and at '■= pl/4: 00 as A; —t- 00 by (12.521) . Using the similar 
arguments of the proof of Claim 2 in the proof of Theorem 11.11 for each > A;2, we can 
choose A„ — J- 1 such that the sequence {^^(An)}^^^ obtained by (12.561) has a strong 
convergent subsequence. Without loss of generality, we may assume 

lim u^(A„) = u'^e E, Vn G N and k > ^2- 

m— f 00 

This together with fl23BD and (12371) yields 

^;„(4) = 0, <Px„{ut) e [ak, Ck] , Vn G N and > k2. (2.58) 

As in the proof of Theorem 11.11 we claim that the sequence {u^}'^^i in (12.581) is 
bounded in E and possesses a strong convergent subsequence with the limit & E for 
all k > ^2- In fact, by (SQ3), there exist constants Lq > and Di > such that 

1 b 

-{VuW{t,u),u) -W{t,u)> -\u\^, Vt G [0,T] and |m| > Lo (2.59) 
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and 



1 



{VJV{t,u),u)-W{t,u) 



< Di, Wt e [0,T] and \u\ < Lq 



(2.60) 



For notational simplicity, we will set m„ = for all n G N throughout this paragraph. 
By virtue of fl2llD . fl2A3|) and fl238|) - ^Ml, we have 

1^/ 



> A. 



dt 

dt - XnDiT 



-~r Kl'dt - X„DiT, Vn G M, 
where n„ := {t G [0,T] : > Lq}. This together with fl2.58p implies that 

lunl'^dt < D2, G N (2.61) 



n„ 



for some D2 > 0. Since ^ > 1, it also holds 



/ \un\dt < D-i, Vn G N 



(2.62) 



for some > hj using the Holder inequality if necessary. Then the similar arguments 

(2.63) 



of the proof of Claim 1 in the proof of Theorem 11.11 yields 



|< + <||<A, VnGN 



for some > 0. Combining (^^, fimi) . ([221]), fl^TB^ and (SQi), we have 



2 2 

<P'^^{Un)Un + Xn\\u~\\ + \\u~ + U^W + A„ / {V uW {t , Un) , Un) dt 

Jo 



<D5 + 2 / ai{l + \Unr')\Un\dt 

Jo 

= Dr, + 2ai\un\i + 2ai / \un\dt 

Jo 



< D5 + 2airi||M„|| + 2ai 



\Un\'^dt+ / {Unl^dt 

[o,r]\n„ in„ 



< + 2aiTL;; + 2airi||M„|| + 2ai\unC / Kl'^dt 



Tin 



< + 2aira + 2airi||M„|| + 2aiD2r^"1|Mnir"'' 



(2.64) 



for some D5 > 0, where ti and t^o are the constants in (12.61) . Since g > z/ — 2, fl2.64p 
imphes that is bounded in E. By virtue of the similar arguments of the proof of 

Claim 2 in the proof of Theorem of 11.11 again, we see that {«„} has a strong convergent 
subsequence. 

Now for each k > k2, hj fl2.58p . the limit is just a critical point of = with 
^P(u^) G [a/cCfc]- Since afc — ?■ 00 as A; — )■ 00 in fl2.57p . we get infinitely many nontrivial 
critical points of ^. Therefore, (11. ip possesses infinitely many nontrivial solutions by 
Proposition 12.31 The proof of Theorem II. II is complete. □ 
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